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ABSTRACT
It is shown that the only balls in the Carathéodory distance on H, =
{z € C* : ||z}j1 < 1}, n > 2, which are balls with respect to the £; norm in

C™ are those centered at the origin.

1. Introduction

Consider the unit ball
H=H,={zeC":|z|h <1}

in the complex n-space C* with respect to the metric which is induced by the ¢,

norm in C*
n

lzll = flzlli =D lzel, 2= (21,000, 20) € C.

k=1

Next consider the Carathéodory distance C = Cy on H

C(z,w) = sup P(f(z), f(w))’ z,w € H,
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where the supremum is taken over all holomorphic functions f from H into the
unit disk
A={zeC:|z|]<1}

of the complex plane C. Here p is the hyperbolic distance on A:

1 l1+a -1 a—b
- = - =|— A.
o(a,d) 210g1——a tanh™ @, where a Tl a,be

Note that on H,,, the Carathéodory distance and the Kobayashi distance are the
same.

Forn =1, H; = A, and by Schwarz—Pick Theorem, C(a,b) = p(a,b), a,b € A,
and ||z|| = |2],z € A, and since, cf. [4, Lemma 2.1],
(1.1) p(z,a) =R & z-bl=71, a,bz€A,
where

1-a? 1—|al?

(12) b= aI——aW and r= amw, a = tanhR,

it follows that in H; every ball (i.e. disk) in the Carathéodory distance on H is
a ball with respect to the ¢y norm in C.

A general theorem on Carathéodory distance on normed spaces, cf.
[2, Theorem IV 1.8] implies that every ball in the Carathéodory distance on
H,, n > 1, which is centered at the origin is a ball in the #; norm of C*. The
following result of Binyamin Schwarz shows that in C* Carathéodory balls of Ho
which are centered off the origin are not balls in the £, norm of CZ.

THEOREM A ([4, Theorem 3.1]): The only balls in Hy = {z € C? : ||2|| < 1} in
the Carathéodory distance on Hy which are balls in the ¢, norm in C? are those

which are centered at the origin.

The following geometric lemma which Schwarz establishes in [4] is repeatedly

applied in the proof of Theorem A.
LEMMA ([4, Lemma 2.4)): Let v; and 72 be circles in the complex plane C,
e ={z:2=2(p) = ar + 1) 1 > 0,00 < p < o0}, k=1,2.
Then, a necessary and sufficient condition for the existence of two points (3

and ¢z in € and real numbers v, and v such that the equality

2
Z |ze(¢) — (k| = constant  for — 00 < @ < 0
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hOldS, is Ck = Ak, k= 1, 2.

It is conjectured in [4] that the statement stated in the lemma holds for any
number n > 2 of circles v and points (i, and it is pointed out that the general-
ization of the lemma for n > 2 would imply a generalization of the theorem for
H,, n > 2, with a proof virtually the same as the one brought in [4] for Ho.

The purpose of this note is to show that, indeed, the lemma and the theorem
hold for any number n > 2. An extension of the lemma is contained in the
following proposition.

The novelty of this note is in the proof of the proposition. The proof of the
extension of Theorem A for n > 2 is the same as in [4], though set up differently.

2. A proposition

PROPOSITION: Given
(i) ncirclsy, ={z€C:|z—axf=1.>0}, k=1,...,n,
(ii) n points zi,..., 2z, in motion such that the point z moves along vy, with

state equation
z(t) = ag + reett) oo <t<oo, k=1,...,n,

where the phases 14, ..., v, are given,

(iil) n points by,...,b, inC,

(iv) n real positive numbers Ay,..., A, and a real positive number c such that
n
(2.1) Z /\klzk(t) — bkl =¢ —-o00o<ti<oo,
k=1

thenap = b, forallk=1,...,n.

Proof of the Proposition: If for some k,ar = by as desired, then the term
|2k (t)—bi| yields a constant contribution to the sum in (2.1), and may be dropped.
We thus may assume that a # b for all k = 1,... n. By rotating, traunslating,
rescaling and renaming the constants c, Ag, br and v, we may assume that for
al k =1,...,n,ar = 0,7, = 1 and by is real and positive. Then |2;(t)| = 1,
arg z(t) = t + v, and by the Cosine Theorem, (2.1) becomes

(2.2) Ex\k (1+ b2 — 2b; cos(t + 1/,;9))1/2 =¢, —oo<t<oo
k=1
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or
(2.3) Y filty=e, —co<t< oo,
k=1
where
(2.4) Fi(t) = N (Ax — cos(t +w))?, k=1,...,n,

and where A} = Ae(2b5)'/2 and Ay = %(b,c + b;l). As b, > 0,Ar > 1.
Now let

(2.5) or(2) = Ay —cos(z+wv), z€C, k=1,...,n, and

(2.6) Zr={2€C:pk(z)=0}, k=1,...,n.

Then Ay = 1 = Zy = {wx + 2mn : m € Z} for some real number wy, and
Ay > 1= 7 = {wi +2mm :m € Z} U {@x + 2mn : m € Z} for some non-real
number wy, in C.

We may assume that ¢; # ¢ for all § # k, since otherwise the corresponding
terms in (2.3) may be grouped together. Then A; # Ay or v; # vi(mod2w)
for j # k. In the first case [Imw;| # [Imwg|, and in the latter case Rew; #
Re wi(mod 27) for any w; € Z; and wi € Z; with j # k. Therefore

(2.7 Z;NZr=¢ forall j#k.

Suppose now that A; = 1. Then ¢;(—v;) = 0 and pi(—v;) # 0 for all k # j.
Then fi(t) = M,px(t)}/? is real analytic at t = —v;, for all k, k # 7, and by
(2.3) so is 3 5, f(t). Hence, also f;(t) must be real analytic at ¢t = —v;. But
f; is not real analytic (it is not even differentiable) at ¢ = —v;, since f;(t) =
A% (1 — cos(t + v)/? = X;21/2|sin 1(t + v;)|. This contradiction shows that
Ap>1forallk=1,...,n.

To complete the proof fix j,1 € j < n, and choose a point w such that
wj(w) = 0. Since A; > 1, w is not real, and by (2.7), px(w) # 0 for all k # j.
Choose a real number #3. Since Ay > 1 for all k- = 1,...,n it follows that
or(to) # 0 for all £ = 1,...,n. We can, therefore, find a simply connected
neighborhood U of g such that ¢p(z) # 0 for all z € U and all k = 1,...,n.
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Next, choose a path v in C\ {J;_, Zx which starts and ends at to, winds once
around the point w and does not wind around any other point of |J;_, Z&.
Now, for k = 1,...,n, let Fi(z) be an analytic branch of )\;c<p,c(z)1/2 such that
Fi(t) = fi(t) for all real numbers ¢t in U (see 2.4) and (2.5)). Such branches
exist since px(2) # 0 for all 2 € U and k = 1,...,n, and since U is simply
connected. Finally, set Fo(z) = 3 p_; Fr(2). Then Fy(2) is analytic in U, and
Fo(t) = 3 r_, fx(t) for all real numbers ¢ in U. Therefore, by (2.3),

(2.8) Fo(z)=c¢ in U.

For k = 0,1,...,n, let Gk(z) denote the analytic function in U which is
obtained by continuing F(z) along 7.

The point w is a simple zero of ¢;(z), and v winds once around w and does not
wind around any other zero of ¢;(z). Therefore G;(z) = —Fj(z). For any other
k,0 < k # j,7 does not wind around any zero of ¢x(z). Hence Gi(z) = Fi(z)
for all 0 < k # j. In view of (2.8), Go{z) = ¢ in U, and by the Permanence
Theorem, Go(z) = Y p_; Gk(z). Hence Fj(z) = 1 (Fo(z) — Go(2)) = 0 in U.
Then f;(t) = 0 for all real numbers ¢ in U, and thus A; = 0, contradicting
assumption (iv) of the proposition. This completes the proof. ]

3. Carathéodory balls and norm balls

THEOREM: Let n > 2. The only balls in H = {z € C* : ||z||y < 1} in the
Carathéodory distance on H, which are balls in the ¢; norm in C*, are those
which are centered at the origin.

In proving the theorem use will be made of the proposition and the following
two lemmas which are quoted from [3, Lemma 1} and [4, Lemma 2.2}, cf. 1], [2]
and [5]. In the sequel |la|| will stand for the £; norm |lall;, of @ = (a1,...,a,) €
c.

LEMMA 1: Let ¢ € C, and let a = (a1,...,a,) € H be such that
(al,...,aj_l,(,aj+1,...,an)EH. Then

(31) C((al, . .aj_l, C, Ajt1y-- .an), ((11, ceey an)) = p(uj_lc, uj_la]-),
where
(3.2) ui=1-3 lal.

k=1

ketj
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LEMMA 2: Let a € H and { € C such that (a € H. Then

(3.3) C(Ca,a) = p(l|al], |lal|¢)-
Proof of the Theorem: For a € H let

Be(a,r)={z€ H:C(z,a)<r}, and Bn(a,r)={2€H:|z—al] <r}

denote the Carathéodory and the £; norm balls, respectively, of radius r centered
at a. Suppose that contrary to the statement of the theorem there are points
a € H\{0} and oV € H, and real numbers 0 < a < 1 and ry > 0 such that

(3.4) BN (aN,rN) = Bc(a, ’I”) C H,
where
(3.5) r =tanh™! o

Then 8Bn(a™,r,) = 0Bc(a,r) C H, where the inclusion follows from the fact
that H is bounded and convex, cf. [1, p. 88].

We will show that this assumption leads to a contradiction by considering
certain one dimensional subsets of dB¢(a, ), which correspond to the following
subsets of C:

(3.6) A;={¢€C:(ay...,ej-1,{,a541,...,an) € 3Bc(a,7)}, j=1,...n,
and
(3.7) B={(€C:{a€dBcla,r)}

where 7 is given in (3.5).
First note that for (€ A;, j=1,...,n,

C((al, . .,aj_l,(,ajﬂ, . .,an), (al, . .,an)) =T

This and Lemma 1 imply

n
P (uj—lc, uj—laj) =r=tanh"laq, uj=1-— Z lakl.
k=1
ki



Vol. 89, 1995 CARATHEODORY BALLS AND NORM BALLS 67

Therefore, all points uj’lC , ¢ € A;, lie on an hyperbolic circle in A, hyperbolically
centered at the point uj“laj, which by (1.1) is also a Euclidean circle, whose center
and radius can be computed with the aid of (1.2). Hence A; is a Euclidean circle
too which is given by

(1-a?)u? u? —la;1?
. — —_—— . P AR AL o . < <
(3.8) Aj = {( = ot Y + au; a2 a2|aj|2e 0<p<2r

where u; is given in (3.2).
Suppose, as above, that dBc(a,r) = 8Bn(a™,rn), for some a¥ € H and
ry > 0. Fix j,7 =1,...,n. Then for all { € 4;

(3.9) r~v=I(a1,.-,8j-1,(,@j41, .-, 80) —a™ || = |¢ —a) | + ZIak —ad|.
k=1
k]
Since { € A; and A; is a circle, and since all ry,ax and akN are constants, it
follows that af’ must coincide with the center of A;. Therefore, by (3.8),
N (1—aP)u?

(3.10) a; 5 Iaj, j=1,...,n

77 w2 - a?lagl?

where u; is given by (3.2). As a corollary, we get
(3.11) a; =0 if and only if a;-v =0.

Next consider the set B of (3.7). Then, by Lemma 2 and (3.5), ¢ € B if and
only if
tanh™! & = C(Ca, a) = p(llali¢, lalf).

Consequently, the points {|a]|¢, { € B, lie on an hyperbolic circle in A, hyperbol-
ically centered at the point ||a||. By (1.1) this is also a Euclidean circle. Hence
B is a circle in A which, in view of (1.2}, is given by

(3.12) B={C=X+Re¥:0< p <27},
where

1-a? a 1-|a|?
3.13 A=————— and R=— —-xoF——.
(813) = a?al? fall 1= el
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Hence for all ¢ € B,
(3.14) Ca=(A+Re®)a and C(ar = Aag + Ree'@t¥s), 0<p<2n

where

|ak|(1 — lal*)
(315) Rk = QM and '(/)k = arg Gk, k= ]., ceny T

Suppose again that dBc(a,r) = 8Bn(a",rn). Then for ( € B,
Ca € 8B¢(a,r), and by (3.12), (3.13), (3.14) and (3.15)

n
rv = [Ca— o) = 3 [hax + Rieero) |, o< <om
k=1
Then by the proposition,
(3.16) al =Xax, k=1,...,n, and a¥ = Aa,
where A is given by (3.13).
We now consider two cases:

CasEl: a;#0andar #0forsomel <j<k<n.

CASE 2: a; # 0 for some 1 < § <n and a, = 0 for any other k # j.
Suppose that we are in Case 1. With no loss of generality we may assume

ay # 0, and that a; # 0 for some 2 < k < n. Using (3.10), (3.16) and (3.13) for

N
aj we get

7 .ufa; =a; =
u? — a?|a;|? 191 1

(3.17)
where u; = 1— ) 4_, [ax] is as in (3.2). Since a; # 0 and 0 < a < 1, (3.17) gives

ui(1 - o?[laf®) = u} ~ a®las]”.

By using again the fact that a # 0 we get uy||a]| = |a1], which is equivalent to

(1 -3 |ak|) (lall +> lak|> —lai) =0
k=2 k=2
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lla|| < 1 and ax # O for some 2 < k < n imply that each factor # 0, thus leading

or to

to a contradiction.

Suppose now that we are in Case 2. With no loss of generality we may assume
that ay # 0 and that ax = O for all other k¥ # 2. Then a = (0,4a5,0,...,0). By
(3.2) up = 1, and by (3.10)
1-a?
T1- a?layl? @

Consider the set A; of (3.6) with j = 1 for a = (0,a,0,...,0). Then, by (3.2),
uy = 1 — |ag), and by (3.8), ¢ € Ay, and ((, a,0,...,0) € Bc(a,r), if and only
if

(3.18) a o and ol =0 forallk #2.

(3.19) ¢ =a(l —|az))e®, 0< < 2m.
Assuming 8Bc¢(a,r) = dBn(a,rn), it follows that
N = “aN - (C,GQ,O,. . vO)“ = ,C, + ,aéV — G2

and by (3.19) and (3.18) we get
1- |a212
— 2
(320) rN = a(l - |a2|) +a laglm.
We now compute 7y by considering the set B of (3.7). If ( € B, then (a €
dBc(a,r) = Bn(a¥,ry). Here a = (0,a2,0,...,0),¢a = (0, asy,0,...,0) and
by (3.10) and (3.11), aV = (0,a¥’,0,...,0). Therefore, in view of (3.14),

rn = [I¢a — aV|| = |Cag — )| = |Aay + Roe’@H¥®) —alV|| 0< p < 2r.

Hence, Aaz — a) = 0, and, consequently, rn = |Ra|. Then, by (3.15)

1 — lag|?
3.21 =Q—Fs.
( ) TN « 1 _ a2|a2|2

Now, by subtracting the expression for r in (3.21) from the expression for ry

in (3.20), we get
o(1 — a)las|(1 — |asf)
1+ 0t|(12|
which is impossible since all factors are positive as 0 < & < 1 and 0 < |a2} < 1.

=0,

This completes the proof. 1
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Remark: After this paper was accepted for publication the editors informed
the author of an alternative proof of the main theorem given by W. Zwonek.
Zwonek’s paper appears in this volume.
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